Ultrashort-pulse characterization techniques, such as the numerous variants of frequency-resolved optical gating (FROG) and spectral phase interferometry for direct electric-field reconstruction, fail to fully determine the relative phases of well-separated frequency components. If well-separated frequency components are also well separated in time, the cross-correlation variants (e.g., XFROG) succeed, but only if short, wellcharacterized gate pulses are used.
INTRODUCTION
The past decade has seen great progress in the complementary fields of femtosecond shaped-pulse generation 1, 2 and shaped-pulse measurement. [3] [4] [5] [6] The most common pulse-shaping methods, which operate in the frequency domain, can independently modulate more than 1000 different frequency components, potentially yielding highly complex pulses. Even without such modulation methods, pulses with high complexity arise naturally as the result of some physical processes, such as continuum generation. Fortunately, pulse-shape detection methods have also evolved greatly in recent years, and pulses of very great complexity (time-bandwidth product Ͼ1000) were recently characterized. 7 Traditional measurement methods, such as taking the autocorrelation and the pulse spectrum, give only a gross approximation of the generated pulse shape. Measurement of time-frequency profiles, first proposed by Treacy 8 and others, provided a large step forward. The approach was dramatically simplified with the introduction of selfreferenced techniques, such as that of Chilla and Martínez 9 and frequency-resolved optical gating (FROG) with its algorithms to extract the pulse shape.
All these methods [and other variants such as selfdiffraction and polarization-gate FROG, the use of a frequency filter in one arm, 10, 11 and spectral phase interferometry for direct electric-field reconstruction (SPIDER) 5 ] have inherent ambiguities. For example, all such selfreferenced techniques fail to determine the absolute phase and the arrival time-the first two coefficients in the Taylor series expansion of the spectral phase. These two ambiguities are actually usually desirable. The absolute phase is random in fluorescent pulses and prevents techniques such as spectral interferometry, that do measure absolute phase relative to that of another pulse, from measuring fluorescence on a multishot basis. Measurement of the pulses' arrival times are also generally not of interest because few researchers care about the distance between the laser and the pulse-measurement device or desire to stabilize this quantity interferometrically.
Other ambiguities are potentially more serious. For example, the most commonly used version of FROG, second-harmonic generation (SHG) FROG, 12 has a twofold ambiguity: A pulse and its time-reversed replica give the same trace. 13 This ambiguity can be resolved by addition of a trailing satellite pulse or by use of higherorder variants such as self-diffraction and polarizationgate FROG, or with SPIDER. 5 Determining the relative phase of two pulses with the same center frequency but a large time separation, which is important for coherent manipulations, also provides a challenge for some techniques, despite the fact that this information is contained directly in the linear spectrum. The relative phase is completely unknown in spectrograms generated by the cross-correlated version of FROG 14, 15 (XFROG) when the gate pulse is short compared with the temporal separation. The self-referenced SHG FROG has a twofold ambiguity for such pulses: If the relative phase is , then the value ϩ also yields the same SHG FROG trace. Third-harmonic-generation (THG) FROG has a threefold ambiguity in the relative phase of well-separated temporal components: ϭ Ϯ2/3 also yield the same THG FROG trace (thus a combination of methods can resolve this ambiguity). Other versions of FROG, however, uniquely determine this relative phase.
In this paper we treat the waveforms that contain significant gaps in their frequency profiles, 17 expanding on the preliminary results presented in Ref. 16 . Such waveforms are simply made and have some straightforward applications (for example, coherent pumping of Raman transitions). Already, single-color phase-locked pulses have been used in various kinds of nonlinear spectroscopic studies, such as the detection of optical freeinduction decay, 18 phase-locked pump-probe, 19 and heterodyne detected photon echo. 20 The next step might be to use phase-locked multicolor pulses. Such pulses may also be used for optimal control of chemical dynamics. For example, in a pump-dump experiment, theoretical studies 21 have indicated that, for control of population transfer between states of a chemical system, the relative phase of the two colored pump and dump pulses is important. To that effect, a recent Letter reported the generation of such pulses by use of noncollinear optical amplification of shaped white-light continua. 22 In optical communications, dense wavelength-division multiplexing with ultrafast pulses inherently involves generating precisely this type of waveform, 23, 24 and complex timefrequency patterns with gaps are useful for suppression of multipath interference. 25 Unlike for same-frequency pulses, the relative phase of frequency-separated pulses does not show up in the linear spectrum, even if the pulses overlap in time.
It was previously noted 3 that the spectrogram is mathematically equivalent to the sonogram: Gating in the time domain yields an expression that is equivalent to that obtained by gating in the frequency domain, except for a reversed argument in the gate function. Thus it would seem reasonable that a similar ability to measure the relative phase (with the occasional ambiguities touched on above) is possible in the frequency domain for well-separated frequency components. We show here, however, that none of the published self-referenced methods determines the relative phase of well-separated frequency components.
Furthermore, if these wellseparated frequency components are also well separated in time, the cross-correlation variants (e.g., XFROG) that use independent pulses as gates fail as well, unless the gating or spectral interference occurs with short, wellcharacterized pulses (which might be characterized by a self-referenced method) whose spectral widths span the spectral distance between the components. This is equivalent to requiring that the gate or reference pulse be sufficiently short to resolve the temporal structure in the pulse that results from the well-separated frequency components of the pulse to be measured. This constraint is analogous to that on the gate pulse in XFROG for measuring pulses separated in time. We also derive specific conditions under which modified versions of the crossreferenced techniques do give full pulse characterization.
At a qualitative level, the existence of ambiguities in characterizing the time-frequency profiles of frequencyseparated pulses is easy to understand. Without loss of generality, any arbitrary waveform can be written as a combination of amplitude and phase modulation:
where Ã () is a real nonnegative function and () is the frequency-dependent phase. For most pulsecharacterization methods, however, it is more intuitive to describe the pulse shape by amplitudes A() of its frequency components and their arrival times t(), where t() ϭ d ()/d. From this relationship, knowledge of () in a small interval about is all that is required for extraction of t(). However, extracting () from t() requires an integral over all times before -including frequencies at which the waveform might actually vanish. Thus reproducing the actual waveform (in particular, the relative phase of two different parts of the pulse) can present inherent difficulties if the experimental information is present as a time-frequency profile, such as in a sonogram.
It is less obvious that such ambiguities persist for FROG and other methods that use the entire pulse as its own reference. To demonstrate the ambiguities that arise in the characterization of multifrequency phaselocked pulses (and in general any pulse containing wellseparated frequency components), we use a twocomponent pulse that can be described by (see also Appendix A)
where 
However, the arguments made here can readily be extended to other shapes and to pulses consisting of multiple well-separated spectral components.
If the pulses are well separated in both the time and the frequency domains (i.e., ⌬ ϭ A Ϫ B ӷ ␦ and T ӷ ␦t), then the temporal intensity profile, the autocorrelation, and the spectrum are all identical for all phase differences A Ϫ B between the components of the pulse [ Fig. 1(a) ]. For pulses separated in the frequency domain but with overlap in the time domain (i.e., T Ͻ ␦t), the phase difference ϭ A Ϫ B is reflected in the temporal intensity profile; however, in the simplest pulsecharacterization methods, the autocorrelation and the spectrum, this relative phase is not detectable [ Fig. 1(b) ].
Only for pulses that overlap in the frequency domain
can the overall phase difference be readily detected in the spectrum [ Fig. 1(c) ]. Therefore in this paper we concentrate on the first two cases, i.e., pulses that are well separated in the frequency domain.
In the next sections we discuss the performance of several characterization techniques (FROG and SPIDER and their derivatives) on the types of pulse described above.
SECOND-HARMONIC GENERATION FROG
The spectrogram obtained in SHG FROG is given by
Using Eq. (2) for E(t) yields for the FROG trace for this pulse In Eq. (6) the first term results in a peak centered about ⍀ ϭ 2 A and ϭ 0; the second term gives a peak centered about ⍀ ϭ A ϩ B and ϭ ϪT; the third term results in a peak about ⍀ ϭ A ϩ B and ϭ T, and the fourth term gives a peak centered about ⍀ ϭ 2 B and ϭ 0 [ Fig. 2(a) ]. For the most commonly encountered case in which A ϭ B , the beating between the first and the fourth terms creates fringes proportional to 1 ϩ cos͓(⍀ Ϫ 2 A )T ϩ 2( B Ϫ A )͔ and, subject to the -phase ambiguity, the phase relation can be readily recovered [ Fig. 2(c) ]. If, however, the components of the pulse are well separated in the frequency domain, then there are no cross terms among these three groups of terms, so interference occurs only between the second and third terms in Eq. (6) The fact that FROG can readily determine the phase difference between two components of a pulse that are separated in the time domain, but not between two components separated in the frequency domain, may be surprising because the SHG FROG spectrogram can be rewritten in the frequency domain as (7) which is similar to the expression given in Eq. (5). The main difference between pulses with components separated in the frequency domain and those with components separated in the time domain lies in which terms contribute to the same peak in the spectrogram. For components separated in the time domain, terms generated from component A interacting with its delayed copy A, and component B interacting with the delayed copy of component B, contribute to the central term at ϭ 0. As these two terms have different dependence on A and B , an interference pattern results that depends on the phase difference ϭ A Ϫ B . If the components are separated in the frequency domain, it is the contributions that result from the cross terms, i.e., component A interacting with B and vice versa, that contribute to the central peak at ϭ A ϩ B , and as a result all terms that contribute to this central peak have the same dependence on phases A and B , and the spectrogram is independent of A Ϫ B .
POLARIZATION-GATE FROG
The spectrogram for polarization-gate (PG) FROG can be described as
For the pulse described by Eq. (2) the spectrogram becomes
As can be seen from Eq. (9) the first three terms result in a peak centered about A , the second three terms give a peak centered about B , the seventh term gives a peak about 2 A Ϫ B , and finally the eighth term yields a peak about 2 B Ϫ A . If the frequencies A and B of the two components are well separated, the cross terms 26 this spectrogram will be independent of the phase relation between the spectral components of the pulse.
SPIDER
The SPIDER technique fares no better. The interferogram obtained by SPIDER 5 is given by
In Eq. (10) it has been assumed that the stretched pulse is stretched far enough that it is essentially monochromatic over the duration of the probe pulse. is the frequency of the upconverted signal; 0 is this monochromatic frequency of the stretched pulse at the time that it overlaps the first copy of the test pulse. ⍀ ϭ /2␤ is the spectral shear, which is related to delay between the two copies of the test pulse and to chirp parameter ␤ of the stretched pulse. Then 0 ϩ ⍀ is the monochromatic frequency of the stretched pulse at the time that the second copy of the probe pulse arrives. S ϭ 0 ϩ 2 /4␤ is a constant phase.
So long as I() is independent of A Ϫ B (i.e., when the components are well separated in the frequency domain), the first two terms in Eq. (10) 
Re(͕Ã
The only nonzero contributions to Eq. (12) are given by the first and fourth terms, which result in a signal centered about ϭ 2 A and ϭ A ϩ B , respectively. As can be seen from Eq. (12), both terms are independent of A and B . The reason for this is that the two peaks in the SPIDER spectrum are the SPIDER spectra of the individual components of the pulse, but there is no part in the spectrum that is generated by interference of the two components. Thus in this case the relative phase within each pulse, , can be determined accurately, but the overall phase difference between the two components remains undetermined.
For larger spectral shear, i.e., when 0 Ϫ A ϩ ⍀ ӷ ␦, in general there is no nonzero contribution to Eq.
(11) except when ⍀ is chosen such that the original test pulse is upconverted by a quasi-cw part of component A of the stretched pulse and the delayed copy is upconverted by a part of component B of the stretched pulse, i.e., 0 Ϸ A and 0 ϩ ⍀ Ϸ B . In that case, interference occurs near frequency ϭ A ϩ B between component B of the original pulse upconverted by a quasi-cw part of component A of the stretched pulse and component A of the delayed copy upconverted by a quasi-cw part of component B of the stretched pulse. However, just as for FROG, the two interfering terms have the same dependence on A and B , and this final interferogram is still independent of A Ϫ B (see also the discussion in Section 6 below).
From the discussion above it can be concluded that none of the self-referencing techniques discussed is able to detect the phase difference between two spectrally separated parts of a laser pulse. However, spectral interferometry 27 is capable of retrieving the complete phase of such a pulse, as long as a reference pulse is available that spectrally overlaps all the spectral components of the pulse that needs to be characterized and is well characterized, i.e., as long as complete phase and amplitude information is available for this reference pulse.
Such a reference pulse is not always available; therefore in Sections 5 and 6 we consider whether XFROG 14, 15 and the cross-correlation version of SPIDER 28, 29 (XSPI-DER) would impose less stringent requirements on the reference pulse used.
XFROG
As an example of an XFROG technique, we discuss sumfrequency generation (SFG) XFROG, but, as before, the results apply to all the XFROG beam geometries. The SFG XFROG interferogram can be written as
where E(t) is the electric field of the pulse to be characterized, i.e., the test pulse, and E X (t) is the electric field of the reference pulse. It is assumed that both the phase and the amplitude of this reference pulse are known. Equation (6) now becomes
where 0 is now the center frequency of the reference. This spectrogram will depend on the relative phase A Ϫ B only if the cross terms in Eq. (14) are nonzero, which means only if the two terms overlap both in the frequency domain and in the time domain. If the two components overlap in the time domain but not in the frequency domain, the reference pulse must be broadbandi.e., very short-with a maximum pulse length ␦t X Ϸ 2/⌬. This is equivalent to the condition that the reference pulse be able to resolve the temporally sinusoidal intensity variations that are due to the two frequencies. Thus, if the components of the pulse overlap in the time domain, such a short reference pulse will make it possible to determine A Ϫ B [Figs. 4(a) and 4(b) ].
If the frequency components in the pulse do not overlap in time ͓T ӷ ␦t in Eq. (2)], then a short reference pulse will fail to connect the frequency components in delay, and no interference will be observed [ Fig. 4(c) ]. What is needed is a pulse that is ''doubly broad,'' that is, broad in both frequency and time. Two examples of such doubly broad pulses are a pulse train of short reference pulses and a linearly chirped pulse. In both cases, however,
prior knowledge about the arrival time and frequencies of the components is needed. For a linearly chirped pulse the amount of chirp needs to be matched to the delay and to the frequency difference between the components of the test pulse. For example, if at a delay component A overlaps a part of the reference pulse centered about Aref , then the corresponding peak in the spectrogram will be centered about A ϩ Aref . Component B will then overlap frequency Bref ϭ Aref ϩ ⍀ chirp , where ⍀ chirp is determined by the amount of linear chirp imposed on the reference pulse and on the delay between components A and B. Thus the peak in the spectrogram that corresponds to component B will be centered about B ϩ Aref ϩ ⍀ chirp . Information about phase difference A Ϫ B will be available only if these two peaks overlap in the frequency domain, i.e., if ⍀ chirp ϭ A Ϫ B . In other words, the amount of chirp needs to be chosen carefully to ensure that the reference pulse connects the components in both the time and the frequency domains. If the chirp is chosen correctly the two peaks will overlap in the spectrogram, and the resultant interference will reveal the phase difference, A Ϫ B [ Fig. 5(b) ]. If the amount of chirp is too large or too small, then there will be no overlap between the two peaks in the spectrogram, and no information about A Ϫ B will be obtained [Figs. 5(a) and 5(c)].
In general, for a pulse with more than two components whose spacings in time and frequency are uncorrelated, it will be impossible to find a linearly chirped pulse that will connect all the components. In that case, to obtain full characterization, one would need to repeat the experiment with a different chirp matched to each pair of components in the pulse.
An alternative way to create a doubly broad pulse is to use an etalon. The etalon increases the temporal width of the pulse by introducing delayed replicas of the original pulse into the beam while preserving the overall spectral width of the original pulse. Care must be taken in the selection of the etalon. If the etalon spacing is too great, there will be dead spaces between the individual pulses of the reference. These dead spaces would allow the individual terms of Eq. (13) to occupy the same regions but with zero signal overlap.
To summarize, if all spectral components of the pulse arrive at a similar time, an XFROG measurement with a well-characterized short pulse can determine the overall phase relation among the components. In all other cases it is, in principle, possible to determine the phase difference among the components by using a correctly chirped reference pulse or pulse train. The requirements on the reference pulse are then less stringent than in the case of spectral interference because the reference pulse need not have the same center frequency as the test pulse. But, in addition to the requirement of large bandwidth, there are now requirements on the pulse length: A transformlimited short pulse is needed if the pulse components arrive at the same time and a properly chirped pulse or pulse train is needed if they arrive at different times.
XSPIDER
One obtains an XSPIDER 28, 29 spectrogram by sending the test pulse through a Michelson interferometer to generate a train of two test pulses, gating this train with a chirped reference pulse, and then spectrally resolving the gated pulse.
Assuming that a well-known reference pulse is available to provide the stretched pulse, the expression for the XSPIDER spectrum becomes Thus, so long as A , B , X , S , and are known, A Ϫ B can be determined [ Fig. 6(b) ]. However, for such a large spectral shear, which is much larger than the Nyquist limit, only information about the difference A Ϫ B is obtained, and it is impossible to retrieve the full function () within each component. Thus, to obtain all the information, one requires a series of experiments. An XSPIDER with small spectral shear is required for A () and B (). From this, the value of the large spectral shear, the value of ⍀ that is needed can be determined. Then a second XSPIDER experiment with this large spectral shear gives A Ϫ B . Note that, to obtain the absolute value of A Ϫ B , one needs S , which requires knowledge of , 0 , and ⍀, all of which can be determined by calibration. 5 Thus in principle a combination of two experiments (together with the calibration experiments) could give the complete phase information, so long as the bandwidth of the reference is wide enough to give the proper spectral shear.
Again, if the pulse consists of more than two components that are not equally spaced, it is in general impossible to find a spectral shear ⍀ that will result in interference among all components. Then it becomes necessary to repeat the experiment with a different spectral shear ⍀ for each pair of components in the pulse and to obtain the phase information in a pairwise manner.
For XSPIDER the requirements on the reference pulse are the least stringent of the three methods discussed above. Just as in the case of SHG XFROG, the spectrum of the reference pulse does not need to overlap the test pulse as long as it is wide enough that it contains spectral components separated by ⌬ ϭ A Ϫ B ; however, un- Fig. 6 . XSPIDER spectrum for small spectral shear (left) and for large spectral shear (right), for pulses with A Ϫ B ϭ 0 and A Ϫ B ϭ 0.6. The components are well separated both in time and in frequency. For small spectral shear, the two peaks in the SPIDER spectrum correspond to the SPIDER spectra of the individual components, and the spectrum is identical for all A Ϫ B . If the large spectral shear is chosen exactly correctly, the central peak in the spectrogram gives information about A Ϫ B (inset), although now information about the phase within each component is not available.
For a small spectral shear ⍀, following the same reasoning that leads to Eq. (12) yields the nonzero contributions to the phase-dependent part of I XSPIDER :
Both terms are independent of A and B , and again each peak represents the XSPIDER spectrum of the individual components of the test pulse [ Fig. 6(a) ].
In general, for larger spectral shear there is no nonzero contribution to the phase-dependent part of Eq. (14) . However, just as in the case of an XFROG with a linearly chirped reference, a nonzero component exists if the spectral shear is chosen such that upconverted component A of the original pulse overlaps in the frequency domain with upconverted component B of the delayed pulse, or vice versa, in the frequency domain [i.e.,
Ͻ ␦ is chosen, there will be a part of the SPIDER spectrum centered about A ϩ 0 at which interference occurs between the two components of the pulse. In this case the only nonzero contribution to the phase-dependent part of the XSPIDER spectrum is given by the XSPIDER equivalent of the first term of Eq. (12):
like for SHG XFROG, there are no requirements on the length of the reference pulse as long as the pulse's phase is known.
SPECTRAL PHASE CONJUGATION SUM-FREQUENCY GENERATION FROG
As outlined above, a well-characterized reference is needed both for XFROG and for XSPIDER. In some cases, one needs a separate experiment to determine the arrival time of each of the components of the laser pulse, followed by one or more cross-correlated experiments to obtain the complete phase information. Therefore it would be advantageous to devise a self-referencing technique in which the information can be recovered with only one experiment. In theory, if it is possible to create a spectral phase conjugate of the test pulse, one possible approach is to cross reference the test pulse with the spectral phase conjugation (SPC) of itself in a sum-frequency FROG. The spectrogram of such an experiment is
. (18) The SPC copy E SPC is related to original field E by
and thus
If E(t) is defined as in Eq. (2), then
The equivalent of Eq. (5) now becomes
The first and fourth terms in Eq. (22) result in peaks centered at ϭ 0, ⍀ ϭ 2 A and ϭ Ϫ2T, ⍀ ϭ 2 B , respectively. The second and third terms both result in a peak centered at ϭ ϪT, ⍀ ϭ A ϩ B such that interference occurs between them, and the interference fringes can be described by 1 ϩ cos͕(
Thus the phase relation among the components of the pulse can be retrieved in this experiment. The reason for this is that a spectral phase conjugated pulse can also be viewed as the time-reversed copy of the original pulse, where t ϭ 0 is the reversal axis. In this case the pulse at delay T with phase B will appear in the SPC copy as a pulse at delay ϪT with phase Ϫ B . Hence, for a spectrogram peak at delay ϳ T, component A A is upconverted with SPC component A B * and has phase A Ϫ B , and A B is upconverted with A A * and thus has phase B Ϫ A . Both resultant peaks are at A ϩ B . The beating between the two components provides the phase information. This is in contrast to the situation with the usual SHG FROG for which, if the components are also well separated in time, at ϳ 0 the only two components that contribute to the spectrogram are centered at different frequencies, 2 A and 2 B , and do not beat against each other, so no phase difference can be recovered.
In general, for N different-colored pulses there will be N(N Ϫ 1)/2 beating peaks on the spectrogram. Figure 7 shows, for example, a three-component case in which each component is well separated from the other two, both in the time domain and in the frequency domain. Any two of the beating peaks will provide enough information to enable the relative phases among the three pulses to be determined. Note that this method works only for SFG FROG, because in the higher-order FROG techniques the upconverted peaks at ϭ T do not overlap in the spectral Fig. 7 . Spectrogram of SPC SFG FROG for a pulse consisting of three components, all arriving at different times and with different center frequencies. In the spectrogram at the left, the phase difference among all components is zero; in the spectrogram at the right the phase difference between the first and the second components is 0.3 and between the first and third components is 0.6. From the shift in the fringes, these phase differences can be recovered.
domain. The ultrashort-pulse SPC experiments performed to date 30,31 require a transform-limited pulse with a spectrum spanning the spectrum of the test shaped pulse to create the SPC copy. If such a pulse is available, a simple spectral interferometry experiment will suffice for recovery of the desired information. There are, however, other approaches to creating SPC pulses; these include backward-stimulated Brillouin, Raman, or Rayleigh-wing scattering. 32, 33 These methods require no reference pulses and are effectively self-pumped processes. SPC pulses of 20-ps duration have been obtained by use of the stimulated Rayleigh-wing scattering process in a CS 2 cell as the phase-conjugate mirror. 34 If these self-pumped techniques to create spectral phase conjugates can be implemented with sufficient efficiency for complicated ultrashort pulses, a convenient way to characterize multicomponent pulse trains would be provided.
CONCLUSIONS
The results of the study reported in this paper are summarized in Table 1 . We have demonstrated that, if a laser pulse consists of components that are well separated in the frequency domain, the self-referenced pulse characterization techniques (the pulse spectrum, the autocorrelation, all versions of frequency-resolved optical gating and the spectral phase interferometry for direct electricfield reconstruction), are incapable of yielding the overall phase relation among the spectral components of the pulse. If a well-characterized reference pulse is available, spectral interferometry can determine this phase relation. However, requirements on such a pulse are rather stringent. For cross-correlation FROG these requirements are less stringent, but still a large-bandwidth pulse is needed that has a linear chirp that is determined by the arrival time of the components of the pulse. For a cross-correlation SPIDER, one needs a series of experiments with different spectral shear to obtain the full characterization. In the most general case, if a pulse consists of more than two components that are well separated both in time and in frequency, both for XFROG and XSPIDER the phase difference among the components has to be retrieved in a pairwise manner. We have also outlined an approach that uses sum-frequency mixing of the test pulse with its spectral phase-conjugated copy that is capable, in theory, of recovering the desired phase relation in a single experiment.
APPENDIX A
The description of the pulses [Eq. (2)] used throughout this paper was chosen for mathematical convenience. In this appendix we outline the mathematical relationship of the pulse as described in Eq. (2) to the more-common description of a pulse in which the delay between the components is created through a path-length difference where the phase of component B at its arrival time t ϭ T is compared to the phase of component A at t ϭ 0.
One key point about this definition is that phase A Ј of component A is referenced to frequency A , whereas phase B Ј of component B is referenced to B . Because most pulse components do not have a well-defined analytical form (such as a Gaussian profile), the center frequency of a component may be just an arbitrary assignment. Assigning a different frequency as B in an experimentally measured spectrum ⑀ B in the second term of Eq. (A2) will result in a different B Ј.
This arbitrariness may result in a meaningless definition of phase for which the result of an experiment is the same even though the phase difference as assigned is different. A more meaningful definition of phase that is simpler to define and avoids the phase ambiguities that arise from arbitrary reference frequency assignments can be obtained by comparison of the phase of the electric field of each component to the phase of a reference wave exp(i 0 t) at the time the component arrives. 0 may be c The phase of nonequally spaced components can be measured only in a pairwise manner and requires predetermination of the delay and the frequency difference among the components for preparation of the proper reference. dictated by the experiment and could, for example, correspond to a transition frequency in the system under study.
The phase differences between the two components and this reference depend on time and are, respectively, To avoid making the math in this paper more complex than necessary we have incorporated any additional phase factors introduced by use of a physically meaningful definition of the phase of the components instead of a mathematically convenient one, into the complex field of the pulses; i.e., pulse envelopes A A (t) and A B (t) in Eq. (2) are defined as
This definition of pulses is also suitable for the description of multicomponent pulses created in a pulse shaper, 1,2 for which no additional path-length-dependent phase in Eq. (A1) is generated.
